Abstract: Is a temporal landline phone call network graph series led by the presence of small world phenomenon? Are order and average vertex degree of the network graphs associated to small -worldness? How are related size and order of the network graphs in this temporal series? A continuously graded notion of small -world -ness is used to study the presence of small world phenomenon. Spearman's and Kendall's correlation coefficients are used to perform a non -parametric correlation analysis between small -world -ness and order/average vertex degree. Linear regression on log -transformed quantities is used to analyse the relationship between size and order. It is achieved by the study that, the presence of smallworld -ness is confirmed in each time step of the series, and there is no significant association between small -world -ness and graph order/average vertex degree. A significant positive power relationship between size and order is found.
phone call network graph series led by the presence of small world phenomenon? Are order and average vertex degree of the network graphs associated to small -world -ness? How are related size and order of the network graphs in this temporal series? In this way 30 network graphs which were part of a temporal network graph series were constructed by splitting a phone call data records set for each day of a month. Time steps of the series are represented by each of the network graph. Small world phenomenon, in the case of a temporal landline phone call network graph series, is studied by applying a continuously graded notion of small -world -ness [16] , [17] which led to a procedure for a general statistic test. Throughout, the association between small -world -ness versus the order and versus the average vertex degree of the network graph is studied by using a non -parametric correlation analysis. Linear regression on logtransformed quantities is used to analyse the relationship between size and order.
Material and Methods

Data Preparation
A landline phone call data records is provided by a local telecommunicating operator located in south of Albania. Client identities are substituted by numbers, with the purpose of conserving the privacy. The study is based only on phone calls inside the operator's clients' network, and not outside it. The reason of this restriction was that the information about phone numbers which are not operator clients would be incomplete. Phone calls belong to November 2014 and were in total 81591. From these, 41 phone calls which were without call durations and 7442 phone calls with a duration less than 10 seconds are excluded from the study. The reason of this exclusion is that these calls could be lost calls, or wrong calls and could affect the accuracy of the study. The total data set which was used to conduct the study was 90.83% of the initial data set. Active clients are considered only them that are engaged at least in one phone call (made or received) with a call duration at least 10 seconds.
The small world phenomenon in the communication system is studied by observing 30 network graphs which are constructed by splitting the data set for each day of the month. The network graphs are denoted by = ( , ), where the vertex set (active phone clients) is and the edge set is . Each edge represent a communication relation between two phone clients. Thus, if 1 and 2 are vertices, then an undirected edge ( 1 , 2 ) is between them only if 1 has received at least one phone call from 2 or the reverse. Multiple relations between two vertices were simplified in only one edge. The temporal network graph series is 1 , 2 , … , 30 .The network graph is constructed based only on the data of the i th day. The statistical computation analyses in this study is conducted based in these packages: igraphdata [18] , igraph [19] , Kendall [20] , ggpbur [21] in R statistical computation platform [22] .
Basic Definitions
The order of a network graph is the number of vertices and the size is the number of edges on it. Let < > be the average geodesic distance [1] between vertex pairs in . We distinguish two type of clustering coefficient, based from the local and global perspective of a not weighted and undirected network graph. The clustering coefficient from the local perspective (vertices) was defined initially from Watts & Strogatz [12] , [23] and is denoted by
where ∈ and ∆ ( ) is the number of triangles in in which is included the vertex ∈ , while
In case that vertices had degree equal to zero or one, the clustering coefficient is taken ( ) = 0 [1] . Transitivity of a network graph is denoted by ( ) [23] , [1] and considers the network graph as whole, from global perspective:
where ∆ ( ) = Erdӧ s -Rényi [13] with same order and size is denoted by -, which is constructed uniformly, and each edge has the same probability. A semi categorical definition of small -world -ness is [12] : Definition 1: A network graph is a small world network graph if < > ≥ < − > and
A network graph is a small world network graph if < > ≥ < − > and ( ) ≫
( − ).
A new categorical definition was proposed to measure quantitatively the small world phenomenon in a network graph [16] , [17] . Let
and
Similarly,
Definition 1 and 1' imply that ≥ 1 and ≫ 1 ( ≫ 1), from which we have > 1 ( > 1).
Definition 2:
A network graph will be a small world network graph if > 1 ( > 1).
Small World Hypothesis Testing
A quantitative definition of small -world -ness is adopted, which led us to a procedure for a general statistic test for the presence of small -world structure as defined by Watts & Strogatz [16] , [17] . An equivalent random network graph − [13] with same order and size, is created for each of the network graphs , from the series 1 , 2 , … , 30 and after that is computed and . To ensure the robustness of the categorization, network graphs are tested for significance using Monte Carlo sampling. The null hypothesis [12] is that:
H 0 : The system is an Erdӧs -Rényi [13] random network graph. Thus, for each of the network graphs , are constructed M equivalent random network graphs,
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computing and related to each of the i th E-R network graphs. The 99% confidence limits for the null hypothesis are defined for each of the 30 days. The procedure is described as follow [24] : 1) Let ̂ be the empirical distribution of the M data (or ), i.e. the probability which puts mas 1/ M at each data.
2) A random generator is used to draw M new points * (or * ) independently and with replacement from ̂, so that each new point is an independent random selection of one of the M 'original' data points. These new points, which are called 'bootstrap sample', are a subset of original data points.
3) The mean ̅̅̅ (or ̅̅̅̅ ) value is computed for the bootstrap sample. 4) Steps 2 and 3 are repeated 10000 times, each time using an independent set of new random numbers to generate the new bootstrap sample. , based upon the fact that a normal distribution puts 68% of its probability within one standard deviation of the mean. Half of the length of the interval from 16 th percentile to 84 th percentile is a reasonable definition of the normal -theory estimate of standard deviation.
The upper 99% confidence limit is 0.01 = 1 + 2.58̂( ) , where by definition = 1 for an E -R network graph. A network graph with > 0.01 is considered to significantly differ from a random network graph [16, 17] and the hypothesis H 0 is rejected. In a similar way is done the same for .
Correlation Analysis
Correlation is a bivariate analysis that measures the strength and the direction of the association between two variables. Correlation reflects only some parts of the joint distribution. Correlation coefficient is a scalar measure of association between paired observations. Different correlation coefficients, leads to different results of correlation analysis and different interpretation results. Below we will refer to two nonparametric correlation coefficients: Spearman's ( ), and Kendall's ( ). Let ( , ), = 1, … , be a paired sample, and ( , ) be the corresponding ranks for the sample.
Definition 3: The Spearman's correlation [25] , [26] coefficient is defined as the Pearson's correlation of ranks ( , ) = ( , ).
Spearman's correlation coefficient is a statistical measure of the strength of a monotonic relationship between paired data. It does not make any assumption about the data distribution. To test the significance of this coefficient we use this hypothesis test: H 0 : = 0 and Ha: ≠ 0.
The total number of possible pairing of with is .
The Kendall's correlation coefficient is the difference between the probability that the observed data are in the same order, versus the probability that the observed data are no in the same order. To test the significance of this coefficient we use this hypothesis test:
H 0 : = 0 and H a : ≠ 0. Association between the small -world -ness and network graph order, and the association between the small -world -ness and the average vertex degree is studied by using Kendall's and Spearman's correlation coefficients. There will be a significantly correlation coefficient if ≤ 0.05 and if the value of ≥ 0.20, there is no correlation. More data are needed if 0.05 < < 0.20.
Furthermore, we are interested to see the relationship between the size and the order of the network graphs. For this, it is performed a linear regression on log -transformed quantities and is estimated the best fitting. It is assumed that hypothesis H 0 is true.
H 0 : The residuals are normally distributed. After that, it is controlled the hypothesis H 0 through the Shapiro -Wilk normality test [27] - [29] . If the pvalue is less than the chosen alpha level 0.05, the hypotheses H 0 is rejected, and in this case there will be evidence that the data doesn't come from a normally distributed population.
Results
A data description of the temporal network graph series 1 , 2 , … , 30 related to the order | | = , size | | = , and average vertex degree < >, is given in Table 1 . Also the upper 99% confidence limit 0.01 , is computed for each of the measures of small world phenomenon and . Before applying the correlation analyses, with the purpose of studying the relationship between smallworld -ness and network graph order and the average vertex degree, it is done a visual inspection of the data normality, which is given in Fig. 1 . Q-Q plots draw the correlation between a given sample and the normal distribution. Fig. 1 . Visual inspection of the data normality. "Small -world -ness 1" is referred to S i T and "Small -worldness 1' " is referred to S i .
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From normality plots in Fig. 1 it is shown that there is no bivariate normal data distribution if we compare ~ , ~ , ~< >, and S ~< >, and for this reason it is used a non -parametric correlation analysis. At first are constructed the scatter plots to visually see this relations, which are shown in Fig. 3 , and after that are computed two type of non -parametric correlation coefficients, Kendall's and Spearman's which are given in Table 2 . The relationship between size and order of network graphs in the temporal series, the scatter plot and the best fitting is given in Fig. 2 . 
Conclusion
As a conclusion, 30 network graphs which were part of a temporal network graph series were constructed by splitting a phone call data records set for each day of a month. By applying a continuously graded notion of small -world -ness, the presence of small -world -ness is confirmed in each time step of the series. After computing Spearman's and Kendall's correlation coefficients, as part of a non -parametric correlation analysis between small -world -ness versus order, and between small -world -ness versus average vertex degree, is found that there is no significant association between them. Linear regression on
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log -transformed quantities is used to analyse the relationship between size and order, and a significant positive power relationship between them is found.
